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Some basic definitions

Group Monoid  Semigroup

(G,-), - intern and
@ Associative
@ Has a unit

@ Each element has an inverse
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(M,-), - intern and (S, "), - intern and

inverse
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Green Relations

Some basic definitions

Group Monoid  Semigroup

(G,-), - intern and (M,-), - intern and (S, ), - intern and
@ Associative @ Associative @ Associative
@ Has a unit @ Has a unit

@ Each element has an inverse

Representation : (p, V) with
@ V C-vectorial space
e p: G — GL(V) group morphism
e ifdmV < oo : GL(V) = GL,(C)
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Some basic definitions
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(G,-), - intern and (M,-), - intern and (S, ), - intern and

@ Associative @ Associative @ Associative

@ Has a unit @ Has a unit
@ Each element has an inverse
(p, V) with Representation : (p, V) with

@ V C-vectorial space

Representation :
@ V C-vectorial space
@ p: G — GL(V) group morphism e p: G — End(V) monoid morphism
o ifdimV <oo: GL(V) = GL,(C) e ifdimV < oo: End(V) = M,(C)
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Green Relations

Some basic definitions

Group Monoid  Semigroup

(G,-), - intern and (M,-), - intern and (S, ), - intern and

@ Associative @ Associative @ Associative

@ Has a unit @ Has a unit
@ Each element has an inverse
(p, V) with Representation : (p, V) with

@ V C-vectorial space

Representation :
@ V C-vectorial space
@ p: G — GL(V) group morphism e p: G — End(V) monoid morphism
o ifdimV <oo: GL(V) = GL,(C) e ifdimV < oo: End(V) = M,(C)

Group algebra CG Monoid algebra CM
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Green Relations

Preorders and equivalence relations

Definition (Green)

Let M a monoid, x,y € M. We say :
o x <p y iff xM C yM
o x <, yiff Mx C My
e x <y y iff MxM C MyM
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Green Relations

Preorders and equivalence relations

Definition (Green)

Let M a monoid, x,y € M. We say :
o x <gp y iff xM C yM iff x = yu for some u € M.
o x <, yiff Mx C My iff x = uy for some u € M.
o x <y y iff MxM C MyM iff x = uyv for some u,v € M.
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Green Relations

Preorders and equivalence relations

Definition (Green)

Let M a monoid, x,y € M. We say :
o x <gp y iff xM C yM iff x = yu for some u € M.
o x <, yiff Mx C My iff x = uy for some u € M.
o x <y y iff MxM C MyM iff x = uyv for some u,v € M.

Warning : 1 on top!
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Green Relations

Preorders and equivalence relations

Definition (Green)

Let M a monoid, x,y € M. We say :
e xRy iff xM = yM.
o xLy iff Mx = My.
o xJy iff MxM = MyM.
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Green Relations

IC-triviality

Definition

A monoid is K-trivial (IC € {R, L, J}) if all its K-classes are of
cardinality one.
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Green Relations

Ordered monoids

Definition (Green)

Let M a monoid with < a partial order. M is called :
@ right ordered iff xy < x for all x,y € M.
o left ordered iff yx < x for all x,y € M.

@ left-right ordered iff xy < x and yx < x for all x,y € M.

Joél Gay
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Green Relations

Ordered monoids

Proposition (Green)
Let M a monoid. It is :
@ right ordered iff R-trivial.
o left ordered iff L-trivial.
@ left-right ordered iff [J-trivial
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Green Relations

Ordered monoids

Proposition (Green)
Let M a monoid. It is :
@ right ordered iff R-trivial.
o left ordered iff L-trivial.
@ left-right ordered iff [J-trivial

IC-triviality can be seen in Cayley graph

Joél Gay
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Green Relations

Example : Cayley-graph and K-triviality

M

32

(a, b)
a:b>=b;:aba=ab: bab= ba

N\

(S ab ba < )
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Green Relations

Example : Cayley-graph and K-triviality

M = (a, b)
a2 =a:b>=b;aba=ab: bab= ba
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Green Relations

Example : Cayley-graph and K-triviality

M = (a, b)
a2 =a:b>=b;aba=ab: bab= ba
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Green Relations

Aperiodic monoid

Let M a monoid, x € M.
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Green Relations

Aperiodic monoid

Let M a monoid, x € M.

Definition

M is said aperiodic is Vx € M,3n, x" = x"1,
Notation x“ := x” idempotent
E(M) : set of idempotents of M.
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Green Relations

Aperiodic monoid

Let M a monoid, x € M.

Definition

M is said aperiodic is Vx € M,3n, x" = x"1,
Notation x“ := x” idempotent
E(M) : set of idempotents of M.

IC-trivial = aperiodic.
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Green Relations

|dempotents and representation of finite semigroup

Let S a finite semigroup.

@ e € S idempotent = eSe monoid with identity e.
Ge group of units.
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Green Relations

|dempotents and representation of finite semigroup

Let S a finite semigroup.

@ e € S idempotent = eSe monoid with identity e.
Ge group of units.

o If e, f idempotents. eJf = G, = Gr.
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Green Relations

|dempotents and representation of finite semigroup

Let S a finite semigroup.
@ e € S idempotent = eSe monoid with identity e.
Ge group of units.
o If e, f idempotents. eJf = G = Gy.

o A J-class J is said regular if it contains an idempotent.
If e € J then G. = eSe N J.

Joél Gay Le monoide de 0-Rook, et autres monoides 7 -triviaux



Green Relations

|dempotents and representation of finite semigroup

Theorem (Clifford, Munn, Ponizovskii)

Let S a semigroup, K a field, E = {e;} an idempotent transversal
over the regular J-classes J of S. Let G := Ge,.

Then there is a bijection between irreductible representations of S
and irreductible representations of the G.
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Green Relations

|dempotents and representation of finite semigroup

Theorem (Clifford, Munn, Ponizovskii)

Let S a semigroup, K a field, E = {e;} an idempotent transversal
over the regular J-classes J of S. Let G := Ge,.

Then there is a bijection between irreductible representations of S
and irreductible representations of the G.

Remark : the aperiodic monoids is the class of monoids for which
all G are trivial.
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The 0-Hecke monoid

Contents

© The 0-Hecke monoid
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The 0-Hecke monoid

Definition by presentation

S

Symmetric Group
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The 0-Hecke monoid

Definition by presentation

=1
S, 4 Hnlq)

Symmetric Group Iwahori-Hecke
algebra

Joél Gay Le monoide de 0-Rook, et autres monoides 7 -triviaux



The 0-Hecke monoid
Definition by presentation

=1 =0
Sy I Hn(q) = H,?

Symmetric Group Iwahori-Hecke Hecke monoid at
algebra g=20
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The 0-Hecke monoid

Definition by presentation

=1 =0
Sy I Hn(q) = H,?

Symmetric Group Iwahori-Hecke Hecke monoid at
algebra g=20
s?=1 T2=ql+(q—1)T; 7 =
si+15iSi+1 = Sisi41Si Tipa TiTiyn = TiTipa T Tip1 Tl = T4
SiSj = SjSj T,TJ:TJT, TiTj = T
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The 0-Hecke monoid

Definition by presentation

=1 =0
Sy I Hn(q) = H,?

Symmetric Group Iwahori-Hecke Hecke monoid at
algebra g=20
5,'2:1 T,-2=q1+(q—1)7',- 7T,-2:7T,'
si+15iSi+1 = Sisi41Si Tipa TiTiyn = TiTipa T Tip1 Tl = T4
SiSj = SjSj T,TJ:TJT, TiTj = T
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The 0-Hecke monoid

Definition by presentation

=1 =0
Sy I Hn(q) = H,?

Symmetric Group Iwahori-Hecke Hecke monoid at
algebra g=20
si =1 TP =ql+(q-1T; w7 =
si+15iSi+1 = Sisi41Si Tipa TiTiyn = TiTipa T Tip1 Tl = T4
SiSj = SjSj T,TJ:TJT, TiTj = T
si=Ti m=Ti+1
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The 0-Hecke monoid

Definition by action

Action on &,
Bubble sort algorithm :

S1...5-15/4+1SiSi42---5n if s5; < Si+1,
(s1...sp) m = ]
S1...5 otherwise.
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The 0-Hecke monoid

Definition by action

Action on &,
Bubble sort algorithm :

S1...5-15/4+1SiSi42---5n if s5; < Si+1,
(s1...sp) m = ]
S1...5 otherwise.

3726145 - 5 = 3726415
3726415 - 5 = 3726415
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The 0-Hecke monoid

Theorems for HY

The two definitions are equivalent.
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The 0-Hecke monoid

Theorems for HY

The two definitions are equivalent.

|[Ha| = |6s| = n!
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The 0-Hecke monoid

Theorems for HY

1234
The two definitions are equivalent. / \
/2134 1243><1324
Theorem 3124 2143 2314 1342 1423
\ e
|H,?| = ‘Gnl =n! 4123 3214 3142 2413 2341 1432
S WAV
\ . /
4213 4132 3412 3241 2431
Theorem \ \ \ /
An element of H® is characterized by its 2 sl e .
action on the identity. —m
- 4321
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The 0-Hecke monoid

Theorems for HY

1234

The two definitions are equivalent. / \

1243 1324

e AVs
4213 5) 4132 3412 324150) 2431 .
eorem \ \ \ /

An element of H,(,) is characterized by its 1312 ) 4231 ) 3420 ) .

action on the identity. . ™
’ 43215)

\
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The 0-Hecke monoid

Theorems for HY

The two definitions are equivalent.

|[Ha| = |6s| = n!

\

An element of H® is characterized by its
action on the identity.

H is J-trivial

1234
2134 ) 1243 1320 )
3124 2143 ) 2314 _ sz D 1423

AN A

4123 32043142 _ D 2413 - 12541 ) R
\\ \/ /
\ ,7,
42130) 41327 3412 ) 324175) 2431 )
4312 4231, ) 3421 2o
i wis)
2
1321 D)
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The 0-Hecke monoid

J-triviality : H? right Cayley graph
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The 0-Hecke monoid

J-triviality : H? left Cayley graph
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The 0-Hecke monoid

J-triviality : H° bisided Cayley graph
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Representation theory of [J-trivial monoid

Contents

© Representation theory of J-trivial monoid
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Representation theory of [J-trivial monoid

Simple modules

M is J-trivial and x € M.

Definition

Let S, = (ex) vector space, right action of y € M :

€x If xy =x
€Y =
Y 0 otherwise.
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Representation theory of [J-trivial monoid

Simple modules

M is J-trivial and x € M.
Definition

Let S, = (ex) vector space, right action of y € M :

€x If xy =x
Ex Y =

0 otherwise.

Theorem (Denton, Hivert, Schilling, Thiéry)

Any simple module is isomorphic to Sy for x € M (thus
one-dimensional).
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Representation theory of [J-trivial monoid

Simple modules

1234
2134 ) 1243 1324 )
3124 2143 ) 2314 D342 ) 1433
=
./>\ \
4123 321457003142 ) 2413, ) 2341 ) 1432, )
- = -

" o o
4213 .0) 4132, ) 3412 ) 3241:0) 2431, )

4312, ) 4231, ) 3421 :0)

4321 )
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Representation theory of [J-trivial monoid

Simple modules

1234
2134 1243 1324
3124 2143 2314 1342 1423
4123 3214 3142 ) 2413 2341 1432
~
\\\
4213 4132 3412 3241 2431
4312 4231 3421 ™
2
4321
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Simple modules

Representation theory of [J-trivial monoid

1234
2134 1243 1324
3124 2143 2314 1342 1423
4123 3214 3142 . D 2413 2341 1432 Gz )
= ;
\\\ \
4213 4132 3412 3241 2431 0
4312 4231 3421 o
Up)
4321
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Representation theory of [J-trivial monoid

Simple modules : proof

o <7 partial order
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Representation theory of [J-trivial monoid

Simple modules : proof

< .
o <7 partial order 193

@ (x1,...xp) linear extension :
Xi §j Xj = i S_/

213 = 132

312 =———— 231

321
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Representation theory of [J-trivial monoid

Simple modules : proof

o <7 partial order

123
@ (x1,...xp) linear extension :
Xi §j Xj = i S_/
o Fi:=K{x|j<i} Fo:={0k}: 913 ——— 132
FoCcRHC---CF,.1CF,
composition series for F, regular 312 == 231
representation
321
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Representation theory of [J-trivial monoid

Simple modules : proof

o < partial order
@ (x1,...xp) linear extension :
i <gxp=i<]
o Fi =K{x|j<i}, Fo:={0k} :

FoCcRHC---CF,.1CF,

composition series for F, regular
representation

o FVFI'—I =~ X

Joél Gay

123

213 = 132

312 =———— 231

321
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Representation theory of [J-trivial monoid

Simple modules

Theorem (Norton, Carter & Denton, Hivert, Schilling, Thiéry)

(Se) ecE(M) complete set of pairwise non isomorphic simple modules
Furthermore {x — x*|x & E(M)} basis for rad KM.
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Representation theory of [J-trivial monoid

Simple modules

Theorem (Norton, Carter & Denton, Hivert, Schilling, Thiéry)

(Se) ecE(M) complete set of pairwise non isomorphic simple modules
Furthermore {x — x*|x & E(M)} basis for rad KM.

Remark :
exf = (ef)¥

KM/ axm = (KE(M), %)
Furthermore :

KM — KM/ ikm
X — x¥
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Simple modules

Representation theory of [J-trivial monoid

1234
2134 1243 1324
3124 2143 2314 1342 1423
4123 3214 3142 . D 2413 2341 1432 Gz )
= ;
\\\ \
4213 4132 3412 3241 2431 0
Type : 01
4312 4231 3421 o
Up)
4321
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Representation theory of [J-trivial monoid

Simple modules

000 : 1234
001 : 1243
1324

Types :

Type : 01
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Representation theory of [J-trivial monoid

Simple modules
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Representation theory of [J-trivial monoid

Projective indecomposable modules

Let M a J-trivial monoid, x € M. Then

rAut(x) := {u € M | xu = u}.
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Representation theory of [J-trivial monoid

Projective indecomposable modules

Definition
Let M a J-trivial monoid, x € M. Then

rAut(x) := {u € M | xu = u}.

The smallest element of rAut(x) for the J-order is called rfix(x)
and

rfix(x) := min{e € E(M) | xe = x}.
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Representation theory of [J-trivial monoid

Projective indecomposable modules

Definition
Let M a J-trivial monoid, x € M. Then

rAut(x) := {u € M | xu = u}.

The smallest element of rAut(x) for the J-order is called rfix(x)
and

rfix(x) := min{e € E(M) | xe = x}.

Remark : a J-trivial monoid always have a zero element.
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Representation theory of [J-trivial monoid

Projective indecomposable modules

Definition
For x € H?, we define its right descent set by
Dr(x) ={1<i<n—-1]|xm = x}.
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Representation theory of [J-trivial monoid

Projective indecomposable modules

For x € H?, we define its right descent set by
Dr(x) ={1<i<n—-1]|xm = x}.

Example : positions

Let x = 413256.
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Representation theory of [J-trivial monoid

Projective indecomposable modules

For x € H?, we define its right descent set by
Dr(x) ={1<i<n—-1]|xm = x}.

Example : positions

Let x = 413256. Dg(x) = {1,3}.
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Representation theory of [J-trivial monoid

Projective indecomposable modules

For x € H?, we define its right descent set by
Dr(x) ={1<i<n—-1]|xm = x}.

Example : positions

Let x = 413256. Dg(x) = {1,3}.

4
1/3
256

Notation :
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Representation theory of [J-trivial monoid

Projective indecomposable modules

For x € H?, we define its right descent set by
Dr(x) ={1<i<n—-1]|xm = x}.

Example : positions
Let x = 413256. Dg(x) = {1, 3}.

4
1/3
256

Notation :

Theorem (Denton, Hivert, Schilling, Thiéry)

rfix(x) = Tpe(x)
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Representation theory of 7-trivial monoid

Projective indecomposable modules

For x € H?, we define its right descent set by
Dr(x) ={1<i<n—-1]|xm = x}.

Example : positions

Let x = 413256. Dg(x) = {1, 3}.
rfix(x) = 71,3y = 214356

(4]

1/3
256

Notation :

Theorem (Denton, Hivert, Schilling, Thiéry)

rfix(x) = Tpe(x)
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Representation theory of 7-trivial monoid

Projective indecomposable modules

Theorem (Norton, Carter & Denton, Hivert, Schilling, Thiéry)
e € E(M). We set :

L(e) := Me
L_(e) := {x € Me | rfix(x) = e}
L(e) := {x € Me | rfix(x) <. e}
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Representation theory of 7-trivial monoid

Projective indecomposable modules

Theorem (Norton, Carter & Denton, Hivert, Schilling, Thiéry)

e € E(M). We set :
L(e) := Me

L_(e) := {x € Me | rfix(x) = e}
L(e) := {x € Me | rfix(x) <. e}
Then, the projective module P, associated to Se is isomorphic to

KL(G)/KL<(9)'

Joél Gay Le monoide de 0-Rook, et autres monoides 7 -triviaux



Representation theory of 7-trivial monoid

Projective indecomposable modules

Theorem (Norton, Carter & Denton, Hivert, Schilling, Thiéry)

e € E(M). We set :
L(e) := Me

L_(e) := {x € Me | rfix(x) = e}
L(e) := {x € Me | rfix(x) <. e}

Then, the projective module P, associated to Se is isomorphic to
KL(e)/
KL (e)
Basis of P : image of L_(€) in the quotient.
mx if rfix(mx) = e

Action of me M onx € L_(e) : m-x = .
0 otherwise.
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Representation theory of [J-trivial monoid

Projective indecomposable modules

1234
2134 1324 1243
3124 2143 g 2314 1423 1342
4123 3214 3142 2413 1432 2341
4213 4132 3241 3412 2431
4312 4231 3421 _1
T2
4321

Joél Gay Le monoide de 0-Rook, et autres monoides



Representation theory of [J-trivial monoid

Projective indecomposable modules

1234 | IT
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Representation theory of [J-trivial monoid

Projective indecomposable modules
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Representation theory of [J-trivial monoid

Effectivity

Simple modules, projective indecomposable modules, Cartan
matrix, quiver.
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Representation theory of [J-trivial monoid

Effectivity

Simple modules, projective indecomposable modules, Cartan
matrix, quiver.

@ Algebra of finite dimension :
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Representation theory of [J-trivial monoid

Effectivity

Simple modules, projective indecomposable modules, Cartan
matrix, quiver.

@ Algebra of finite dimension : dim A®
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Representation theory of [J-trivial monoid

Effectivity

Simple modules, projective indecomposable modules, Cartan
matrix, quiver.

@ Algebra of finite dimension : dim A®

@ Finite J-trivial monoid :
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Representation theory of [J-trivial monoid

Effectivity

Simple modules, projective indecomposable modules, Cartan
matrix, quiver.

@ Algebra of finite dimension : dim A®
o Finite J-trivial monoid : |M|3
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The 0-rook monoid

Contents

Q@ The 0-rook monoid
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The 0-rook monoid

The rook monoid

Rook matrix of size n = set of non attacking rooks on an n x n
matrix.
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The 0-rook monoid
The rook monoid

Rook matrix of size n = set of non attacking rooks on an n x n
matrix.

Rook Matrix

[cNeNoNoNe)
o i © © ©
cNeoNaN Ne
o oMo o
[ecNoNoNaN
[cNeoNoNoNe)
o oMo o
O oo oo
o i © © ©
eNoNoNaN
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The 0-rook monoid
The rook monoid

Rook matrix of size n = set of non attacking rooks on an n x n

matrix.
0 0 0 0 E 0 00 0 E
0O 0E 0 O 0 0 0 0O
Rook Matrix 0O 0 0 E O O E 0 0 O
0O E 0 00O 0 00 E O
0 00 0O 0 00 0O
Rook Vector 0 4 2 3 1 0 3 0 4 1
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The 0-rook monoid
The rook monoid

Rook matrix of size n = set of non attacking rooks on an n x n

matrix.
0 0 0 0 E 0 00 0 E
0O 0E 0 O 0 0 0 0O
Rook Matrix 0O 0 0 E O O E 0 0 O
0O E 0 00O 0 00 E O
0 00 0O 0 00 0O
Rook Vector 0 4 2 3 1 0 3 0 4 1

The product of two rook matrices is a rook matrix.
Rook Monoid R, = submonoid of the rook matrices

M,DR,D G,
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e 0-rook monoid

S
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The 0-rook monoid

lwahori
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lwahori




lwahori




! !
R, & T,(q)

lwahori , Solomon.




Ry &% T,(q) =5 77

lwahori , Solomon.




R L:l In(‘?) ﬂ R,(,)

lwahori , Solomon.




The 0-rook monoid

Definition by right action on R,

Operators mg, 71, . . . Tp—1 acting on rook vectors
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The 0-rook monoid

Definition by right action on R,

Operators mg, 71, . . . Tp—1 acting on rook vectors

Bubble sort operators m1,...,mh_1 :

rn...ri—ifigifitizo ... if r; < riv1,
(r1...r,,)~7r,-:

n...r otherwise,
Deletion operator g :
(n...r)-m0= 0r...r,.
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The 0-rook monoid

Definition by right action on R,

Operators mg, 71, . . . Tp—1 acting on rook vectors

Bubble sort operators m1,...,mh_1 :

rn...ri—ifigifitizo ... if r; < riv1,
(r1...r,,)~7r,-:

n...r otherwise,
Deletion operator g :
(n...r)-m0= 0r...r,.

45321 - 1 = 54321

40321 - m; = 40321

00321 - m» = 03021
3027006 - mg = 0027006
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The 0-rook monoid

Definition by right action on R,

12
Operators mg, 71, . . . Tp—1 acting on rook vectors \
Bubble sort operators m1,...,mh_1 : Q
. 21

rn...ri—ifigifitizo ... if r; < riv1,
(r1...r,,)~7r,-: i

n...r otherwise,
Deletion operator g :

(n...m)-m= 0n...r,. 023 013

45321 - 1, = 54321 \ \

40321 - 1; = 40321 20, ) 10, )

00321 - 7 = 03021
3027006 - 7o = 0027006
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The 0-rook monoid

Definition by presentation

Generators : mg,...,Th_1

Relations :
7r,-2:7r,- 0<i<n-1,
M1 T = Tip1TiTip1 1<i<n-2,
TiTj = T |i—j|>1.

T1TT17T0 = TOT170 = TOT1TOT1L
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The 0-rook monoid

Definition by presentation

Generators : mg,...,Th_1

Relations :

2
T
i1

T

T TOMLTQ

= Ti1TiTi+1
= TT;

= MM1To = MoTWLTOT1L

0<i<n-1, 2. ) o1, )

1<i<n-2,
|i—j] > 1.

Joél Gay
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The 0-rook monoid

Both definitions (presentation and action on R,) are equivalent.
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The 0-rook monoid

Both definitions (presentation and action on R,) are equivalent.

Key Fact :

Ry —
r — 1,-r

30

The map f : is a bijection.

Joél Gay Le monoide de 0-Rook, et autres monoides .7 -triviaux



The 0-rook monoid

J-triviality : R? bisided Cayley graph

smo - left
m e left
: left
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The 0-rook monoid

Simple modules

RO is J-trivial.
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The 0-rook monoid

Simple modules

RO js J-trivial.

n

Corollary (Application of Denton-Hivert-Schilling-Thiéry)

RO has 2" idempotents.
It has thus 2" simple modules of dimension 1.
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The 0-rook monoid

Descent set

Definition

For m € RY, we define its right R-descent set by
Dr(r)={0<i<n—1|nm =m}.
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The 0-rook monoid

Descent set

For m € RY, we define its right R-descent set by
Dr(r)={0<i<n—1|nm =m}.

Let r =0423007. 0<4>2<3>0>0<7.
Dg(r) ={0,2,4,5}

N
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The 0-rook monoid

Descent set

For m € RY, we define its right R-descent set by
Dr(r)={0<i<n—1|nm =m}.

o

Example : positions

Let r =0423007. 0<4>2<3>0>0<7.
Dr(r) ={0,2,4,5} Notation : ‘O g 3
0
0]7]

N
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The 0-rook monoid

Descent set

For m € RY, we define its right R-descent set by
Dr(r)={0<i<n—1|nm =m}.

Example : positions

| \

Let r =0423007. 0<4>2<3>0>0<7.
Dr(r) ={0,2,4,5} Notation : ‘O g 3

0

0]7]

Warning : and not .
0]

N
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The 0-rook monoid

Descent class

List of the R-descent types for RY:

EEEEiDEEE ] ‘ L[] [o [0 of ]
0 oy L] | L] [o[ 1] | L]
{1} {2} {33 {01} {02} {0,3}

— — 0

0 0 0 L

| ] 0] 0 | ] -

| L] L] of | L] ] 0]
{12} {1,3} {23} 0120 {013 {0250 o 100
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The 0-rook monoid

Projective modules

Theorem (Application of Denton-Hivert-Schilling-Thiéry)

The projective indecomposable R%-modules are indexed by the
R-descent type and isomorphic to the quotient of the associated
R-descent class by the finer R-descent class.
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The 0-rook monoid

Projectivity over H°

Theorem

The indecomposable projective R%-module splits as a H2-module
as the direct sum of all the indecomposable projective H9-modules
whose descent classes are explicit.

Proof : explicit decomposition

P -+ T~ B+ g - - e+ gl |-+ B B
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The 0-rook monoid

P - B+l + g ~ B+ s e+ gl -+ B Bl

0324D)
0314 D 0423 D
0304 0214 D 0413 D
|
0204 ) 0213 0103 D 012
0104 D 0203 D 0312 0402 )
0103 D 0302 D) 0401 D)

0201 D)
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The 0-rook monoid

P - B+l + g ~ B+ s e+ gl -+ B Bl
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The 0-rook monoid

P - B+l + g ~ B+ s e+ gl -+ B Bl
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The 0-rook monoid

Tower of monoids

RRCRIC---CcRYC...
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The 0-rook monoid

Tower of monoids

RRCRIC---CcRYC...
Results :

@ Induction of simple and projective modules
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The 0-rook monoid

Tower of monoids

RRCRIC---CcRYC...
Results :

@ Induction of simple and projective modules

@ Restriction of simple modules
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The 0-rook monoid

Tower of monoids

RRCRIC---CcRYC...
Results :
@ Induction of simple and projective modules
@ Restriction of simple modules

@ Restriction of projective modules : does not work
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Renner monoids

Contents

© Renner monoids
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Renner monoids

Algebraic monoid

Definition
An algebraic monoid is a submonoid of M), closed for the Zariski
topology.
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Renner monoids

Algebraic monoid

Definition

An algebraic monoid is a submonoid of M), closed for the Zariski
topology.

If G algebraic subgroup of GL, then M = G algebraic monoid with
G as unit group.
If M algebraic monoid, G(M) unit group is algebraic group.
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Renner monoids

Algebraic monoid

Definition
An algebraic monoid is a submonoid of M), closed for the Zariski
topology.

If G algebraic subgroup of GL, then M = G algebraic monoid with
G as unit group.

If M algebraic monoid, G(M) unit group is algebraic group.
Definition
M is regular if M = E(M)G(M) = G(M)E(M).
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Renner monoids

Algebraic monoid

Definition
An algebraic monoid is a submonoid of M), closed for the Zariski
topology.

If G algebraic subgroup of GL, then M = G algebraic monoid with
G as unit group.

If M algebraic monoid, G(M) unit group is algebraic group.

Definition
M is regular if M = E(M)G(M) = G(M)E(M).

M irreducible algebraic monoid with a zero element.
M is regular iff G(M) is reductive.
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Renner monoids

Renner monoids and Weyl groups

Definition

M regular irreducible algebraic monoid with a zero element.

T maximal Torus inside a Borel subgroup of G(M), its normalizer
Ny (T).

The Renner monoid R(M) is NG(M)(T)/T.
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Renner monoids
Renner monoids and Weyl groups

Definition

M regular irreducible algebraic monoid with a zero element.
T maximal Torus inside a Borel subgroup of G(M), its normalizer

Ny (T).
The Renner monoid R(M) is NG(M)(T)/T.

W = Nem)( )/-,- Weyl Group
W is the unit group of R(M)
R(M)=E(T)-W =W .E(T)
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Renner monoids
Renner monoids and Weyl groups

Definition
M regular irreducible algebraic monoid with a zero element.
T maximal Torus inside a Borel subgroup of G(M), its normalizer

Ny (T).
The Renner monoid R(M) is NG(M)(T)/T.

W = Nem)( )/-,- Weyl Group
W is the unit group of R(M)
R(M)=E(T)-W =W .E(T)

M = M, then R(M) = R,
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Renner monoids

Results

@ Definition of 0-Renner monoids in type B, D

o Presentation
e Function on some rook vectors
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Renner monoids

Results

@ Definition of 0-Renner monoids in type B, D

o Presentation
e Function on some rook vectors

Example : type Bs

5432112345
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Renner monoids

Results

@ Definition of 0-Renner monoids in type B, D

o Presentation
e Function on some rook vectors

Example : type Bs

110'7‘(1 .

5432112345
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Renner monoids

Results

@ Definition of 0-Renner monoids in type B, D

o Presentation
e Function on some rook vectors

Example : type Bs

110'7‘(1 .
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Renner monoids

Results

@ Definition of 0-Renner monoids in type B, D

o Presentation
e Function on some rook vectors

Example : type Bs

lio - mim3 :
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Renner monoids

Results

@ Definition of 0-Renner monoids in type B, D

o Presentation
e Function on some rook vectors

Example : type Bs

lio - mim3 :
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Renner monoids

Results

@ Definition of 0-Renner monoids in type B, D

o Presentation
e Function on some rook vectors

Example : type Bs

119 - 3™ -
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Renner monoids

Results

@ Definition of 0-Renner monoids in type B, D

o Presentation
e Function on some rook vectors

Example : type Bs

110 - mym3mo : 3
0000012435
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Renner monoids

Results

@ Definition of 0-Renner monoids in type B, D

o Presentation
e Function on some rook vectors

@ Equivalence of the definitions
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Renner monoids

Results

@ Definition of 0-Renner monoids in type B, D

o Presentation
e Function on some rook vectors

@ Equivalence of the definitions

@ On going : J-triviality
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Renner monoids

Results
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Renner monoids

Results
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Renner monoids

Results

Definition of 0-Renner monoids in type B, D

o Presentation
e Function on some rook vectors

Equivalence of the definitions

On going : J-triviality

On going : representation theory
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OUTSTANDING
ATTENTION!!




Renner monoids

Descent classes are not intervals

304 ) 4208 B2
2104 30 30005 ) 4103 = BR= DO

1002 3O 3001 O
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